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Lensing effect on polarization in the microwave background:
Extracting the convergence power spectrum
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Matter inhomogeneities along the line of sight deflect the cosmic microwave backgiGiigl) photons
originating at the last scattering surface at a redshiftt100. These distortions modify the pattern of CMB
polarization. We identify specific combinations of StokgsndU parameters that correspond to spint®
variables and can be used to reconstruct the projected matter density. We compute the expected signal-to-noise
ratio as a function of detector sensitivity and angular resolution. With the Planck satellite the detection would
be at a fewo level. Several times better detector sensitivity would be needed to measure the projected dark
matter power spectrum over a wider range of scales, which could provide an independent confirmation of the
projected matter power spectrum as measured from other methods.

PACS numbgs): 98.80.Es, 95.85.Bh, 98.35.Ce, 98.70.Vc

[. INTRODUCTION such measurement will only be statistical in nature and could
be susceptible to various systematic effects. One such
The cosmic microwave backgroui@MB) is believed to  method is gravitational lensing on the CMB polarization. Po-
originate from the epoch when protons and electrons recomarization is also conserved by gravitational lensing so that
bined into neutral hydrogen making the universe transparenthe latter only moves the polarization tensor from one point
which happened around a redshiftzf 1100. Photons trav- to another conserving its amplitude and direction in the map-
eling along the line of sight towards the observer were deping. Since it is widely expected that CMB polarization will
flected by an intervening dark matter distribution via thebe detected with the future CMB experiments it is worth
gravitational lensing effect. This process conserves twasking what kind of information can be learned from inves-
quantities: surface brightness and polarization. Conservatiotigating the lensing effect on polarization and how can it be
of surface brightness implies that in the absence of any flucextracted.
tuations none can be generated by gravitational lensing. The effect of lensing on the power spectrum of CMB
However, if there are fluctuations present then gravitationapolarization has already been explored[5]. It has been
lensing can either smooth these out on large scdléor  shown there that lensing smoothes the acoustic peaks of
generate new fluctuations on small scdlgs The effect of polarization and also generate®Bdype polarization. While
these distortions on the CMB anisotropies has been thoithis inducedB polarization is small, it provides a fundamen-
oughly investigated, both on the CMB power spectijun?]  tal limit to the level ofB polarization from other sources that
as well as on the induced non-Gaussian signaf@edhese can be detected on large scales. For example, it limits the
studies have shown that the lensing effect is small, but dedetectable tensor to scalar ratios to be above*1@lthough
tectable with future CMB experiments, and would providethis is not a significant limitation for the near future.
important information on the distribution of dark matter up  In this paper we explore in more detail the prospects of
to z~1100. This method possibly measures clustering amdirectly detecting gravitational lensing effect on the CMB
plitude at higher redshifts and larger scales than any othgpolarization through its non-Gaussian signatures. We show
method and would be especially valuable in breaking thehat there is a combination of derivatives of polarization that
degeneracies between cosmological parameters present whaiovide a local estimator of shear and convergence. These,
one only uses the CMB data. while noisy, can be used to provide an estimator of projected
Given the potential importance of measuring the darkdark matter power spectrum, which by averaging over all the
matter power spectrum on large scales and/or high redshiftsky may yield a detectable signal. We compute the expected
it is worth investigating other methods that can provide simi-signal-to-noise ratio as a function of detector sensitivity and
lar information. This is particularly important because anyapply it to the future satellite experiments.

) ) . II. CONVERGENCE FROM THE CMB POLARIZATION
*Electronic address: guzik@oa.uj.edu.pl

TElectronic address: uros@feynman.princeton.edu In this section we develop a method to extract the gravi-
*Electronic address: matiasz@ias.edu tational lensing effect on polarization in the ideal case with-
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out detector noise and beam smoothing. The next section Qp=[Q2—Q2+U2-U2](0)
will deal with these complications. A radiation field can be y Y
fully described in terms of four Stokes parametdFor the =1+ Dyt ®yy)@p+(d>xx—d>yy):9p,

specific intensity tensdr; . For the CMB the Stokes param-
eters can be chosen as the temperature anisofrqpypor-

tional to the sum of intensities along two perpendicular di- Up=[2Q,Qy+2U,U](0)
rections in the sky,the Stokes paramet€), defined as the ~ ~
difference between the intensities along the two axes and the = (14 Oyt Dy )Up+ 2Dy Sp, ©)

Stokes parametdy, defined by the difference between inten-

sities alpng thg two dlago_nalg. The fourth Stokes paramey%here subscriptg andy stand for respective derivatives in
V describes circular polarization which is not generated vigy .o space. Equatiof®) shows that the measuregh

the Thomson scattering believed to be the only generatlnép, andi/p are products of the shear tensor and derivr;ltives
me<_:han|sm for polarization, so we will ignore it in the fol- of the unlensed CMB polarization field. Thus the power
lowing. spectrum ofSp, Qp, andUp will be a convolution of the

The Stokes paramete@andp are two f|e!ds in the sky, ower in the CMB and that of the projected mass density.
which we assume to be Gaussian random fields that are gep-

erated from a common scalar potentiak ignore any initial onvergence and unlensed fields are taken as independent
N . pot 9 Y guantities, which is a good approximation since most of the
B-type polarization, which, even if present, would likely be

important only on large scalpsBecause gravitational lens- lensing power arises from low redshifts, which are not cor-
Imp y rge i 9 . X related with the last scattering surface. The general expres-
ing conserves polarization their observed values inélaé

) : sion for this convolution is quite involved. Here we will
rectionQ(6) andU(¢) are related to their values at the re- discuss it in the limit of large scales relative to the CMB

combinationQ, U, deflected by an anglé¢ correlation lengthé~0.1°, where it is not necessary to take
~ the full convolution into account. In the large scale limit
Q(O)=Q(6+60), patches of the sky larger than the correlation length squared

are almost independent, which simplifies the calculations.
This large scale limit is sufficient to analyze future data from
microwave anistropy prob@vIAP) and Planck satellites and
will, in any case, provide a lower limit to the attainable sig-

U(e)=0(6+50). (1)

To extract the lensing information contained in these field
we consider their spatial derivatives. These can be written in

. X The reason we have chosép, Qp, andi/p as variables
the weak lensing regime as

in consideration is that they have transformation properties
similar to the Stokes parametdi®]. We wish to show that

Qa(0)=(3ap+ P ) Qu( 8+ 50), Sp, Qp, andUp transform as Stokes parameters during the
right-handed rotation of the spatial basey(n) by an angle
Ua(0)=(8ap+ D) Up( 0+ 50), 2 ¢ around n directed to the observer. Transformation of

Stokes parametei® and U under rotation are given if8]
where ®,,=386,/96, and a,b=x,y are the shear tensor and their linear combinationQ+iU have values of spin
components describing the lensing effect. equal to+2,

Just as in the temperature casg we form quadratic
combinations of derivatives of the Stokes parameters and
express them in terms of unlensed variables and the compo-
nents of the shear tensor. We wish to begin with a quantity
that does not depend on the coordinate frame, which allowgye can rewrite definitions of polarization variab[&. (3)]
us to simply relate the unlensed and the lensed quantitieg the following manner:
Such a quadratic quantity is readily available and is given by
Q?+U?. Then, to the lowest order, we have

Q'*iU’'=e"2¥(Q=iU). (4

Sp=(Q+iU)(Q—iU)+(Q+iU)y(Q—iU)y,
Sp=[Q;+Q;+UZ+U’](0)

(14 Bt Dy Qp=(Q+iU)(Q1U),~(Q+iU),(Q-iU)y,

F( Dy Dyy) Qp+ 20, Up Up=(Q+iU),(Q—iU)y+(Q+iU),(Q—iU)y.
(5

we work in the small scale limit which simplifies the expres-
sions. Since the final results indicate that lensing on polarization i¥Vhen we use Eqs4) and(5) and change variables in de-
not detectable on very large scales this does not impose a significafivatives we find the final expression for transformation of
limitation on the present work. our gquantities,
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Sp 1 0 0 Sp
O | _[ O cos2y sin2y Op
Up 0 —sin2y cos2y Up

This demonstrates thaf, transforms as a scalar, whil@p
andifp transform like respective Stokes paramet@randU.

We will show that these correspond to the familiar conver-

gence and shear quantities of gravitational lensing.

In the large scale limiicompared to the correlation length
of the CMB polarization fielfland in the absence of lensing
we can write the average over the ensemble of the CMB

realizations
<3P>CMB:0'SPa
<@P>CMB:0a
(Up)cme=0, (6)
whereogp is defined as
USP:<Q>2<>CMB+<Q§>CMB+<U>2<>CMB+<U§>CMB- ()

In terms of the polarization power spectrubﬁp it is given
by

ldl ==
Tsp= f le‘crp. (8)

In the presence of lensing the average of &j.in the large
scale limit becomes

(Sp)emp=(1—2k)osp,
<QP>CMB: —2y104p,

(Up)cme=—27203p, 9

where the shear componengs and y, and convergence
are defined as

k=—(Dyyt <I>yy)/2,
1= = (Pyx— (I)yy)/zy
72:_q)xy- (10

Physical interpretation of Eq9) is the following. Conver-
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__ 9
Op=— oo
=, 1
such that
(Sp)cmp=2k,
(QpYeme=271,
(Up)ecms=272- (12)

In the following we will only use these variables so we drop
the primes from now on.

Instead of working with rotationally noninvariant quanti-
ties Qp andi/p we combine them to form scalar fiefth and
pseudoscalaBp . In the Fourier space these have the form

Ep(1)=Qp(l)cog 2¢y) +Up(l)siN(24)),

Bp(l)=Qp(l)sin(2¢y) —Up(1)cog2¢y),
(13

whered, is the azimuthal angle of the motleln the Fourier
space convergence and shear are related to each other
through the relations

i) =«k()cog2¢)), yal)=«(l)sin(2¢). (14)
From Egs.(12), (13), and(14) it follows that
(Sp)cmB= 2k,
(Ep)emp= 2k,
(Bp)cms=0. (15

Thus the convergence can be reconstructed in two ways,
either fromSp or & . Moreover, vanishing oBp on average
can be helpful in indentifing the cosmological part of the
signal or removing some foregrounds or other systematics.

To reconstruct the convergence power spectf@jifi we
form its estimators

a1
C =S DWW I+ W (I * W18y, (16)

whereW or W' stand forSp, &p, St or &, with the first
two obtained from polarization and the last two from tem-
perature]9]. One can write the mean value of the estimator

gence k stretches the images and makes the derivativegs

smaller, sa(S)c g is diminished by a factor proportional to
x. Similarly, shear produces anisotropy in the derivatives in

(CMy cmp=4CI + NI

17

the same way as in the images of distinct galaxies. To nor-

malize the above expressions we introduce

Sp
Sp=——+1,
gsp

HereN,WW is a power spectrum of the noise arising from the
intrinsic fluctuations in CMB temperature or polarizati@r
both for cross correlationThis noise arises from the random
nature of the CMB and has to be carefully examined to be
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properly subtracted from the estimated power spectrum 10'g 1

"' to get an unbiased convergence spectfiffs.

The noise power spectra can be computed analytically.
First, we consider correlation functions between all the quan- ;5

tities Sp, Op, Up, Sy, O andify. They are all defined as

combinations of derivatives so using E¢3). and(11) results
in the following expressions for the noise:

NSPSP(0)=(Sp(0)Sp(6))cms

-2 (e
USP

+4(CZ)2,

)2+(C

N2P9P(9)=(0p(0)Dp(0))cme
ng

—4(C3?,

NZ’{PMP( 0) = <ap(0)z{P( 0)>CMB

)2+ (CYS

22+ (CR2+(CYy

D)2+ (Cyy)?

D)2+ (Cyy)?

4
=—-[CRACR+Ccrlcyy+2(CRY),

Osp

NSP2p( a)z<3p(0>@p< 6))cme

(Ts

NSTSp( 9) = <:§‘T(0):§p( 0))cme

O'

NOTEP(9)=(0(0) Op(6))cms

Tstosp

NUe( 9) = (Ur(0)Up(60))cms

4
=——[C2CiP2+(C)2,

Tstosp

NSTr(9) = <:§T(0) Op(0))cme

0'

[(cTQF—(c;S)Z].

[(c D= (C2R)2+(C)?—(Cyy))?],
p

[(c D2+ (CyD2+2(C)2,

[(CE?+(CID2—2(C),

(18)

Those for temperature are given [ii] and will not be re-

peated here. The correlation functioBg,’

are given in the

Appendix. Equation$18) together with Eqs(A2) contain all

the necessary information for noise estimate. In Fig. 1 we
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FIG. 1. The upper panel shows autocorrelation functions for
polarizationNPSe(g), NP9r(g), NUPHe( ), and NSP2r(6). The
lower panel shows the cross correlatioNsST™r(64), N<Tr(4),
N“e(9), andNST9r(9). Both plots are for the cosmological con-
cordance mode(see text and without detector noise.

show correlation functions for polarization and cross corre-
lation between temperature and polarization. We assume
throughout that the underlying model is the concordance
model[10] with Q,=0.04,Q,,=0.33,Q,=0.63, h=0.65,
and ng=1. As discussed if5] other viable models give
comparable results for the signal-to-noise ratio. For this
model the correlation length for polarization §sp~0.07°,
while for cross correlatioré;p~0.1° and for temperature
&r1~0.15°. Each patch of sizé? is roughly independent
and decreasing by a factor of 2, therefore, increasing by 4
the number of independent patches. Since on large scales
CMB noise behaves roughly as a white noise this reduces the
noise level by a corresponding factor. This implies that if we
could observe polarization with a perfect resolution it would
give a significantly larger signal-to-noise ratio than tempera-
ture alone. However, since polarization has a weaker signal
than temperature this advantage becomes possible only for
very sensitive detectors and small beams, as discussed below
in more detail.

The noise power spectra can be obtained from the real-
space correlations using the following expressigi:

NA%e=2 f 0dONS~e(0)Jo(16),
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NFAB= 77 f 6d 6{[N%s( g)
+NUAYB(6)]30(1 0)
+[N2a%s8( g) — NUaUs( 9)13,(16)},
NPA%e= 7 f 0d O{[N2A%8( )
+NYaYB(6)130(16)

—[N9A%(6) — N“e(6)]13,(16)},

NA®= 27 J 0d ONSA%8( 9)J,(16),

whereA and B stand forT or P. From this one obtains the

CMB noise power spectra

NSPSP —
Osp

+(CEP)2134(10),

NEPER— izf 6d6{(CEP)2+ (CPP)2134(1 9)
Osp

+{(C5P)2+2CEPCERLIL(10),

_ . .
NyPPP=—— [ 6de{(CE™)2+(CFP)30(16)

Osp

—{(C5P)2+2CEPCEPL,(10),

| 2
Osp

6d6{2CPPCPP 4 CEPCEP
+CiPCERa,10),

NSTSP —

— f 6d6{(CIP)2+2(CIP)2
+4(CIP)234(10),

Erép_

TP\ 2
[ el ran)
+CiPeiPal o)},

|

0d6{(CIP)23.(1 6
[ wercraan
—CgPC P10},

Srép_ _
N TF=

f 0d6{CIP+CIPICIPI,(10).
gsTOsp

19

- . . .
| z—zf 6d6{2(CEP)2+3(C5P)2+2(CEP)?

(20
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FIG. 2. In the upper panel there are noise power spectra for
polarization NfF’SF’, NngP, NfPBP, and NSF’EP, yet in the lower
panel for the cross correlatidNISTSP, NfT P NlBTBP, and leTSP.
They are coupled with correlation functions presented in Fig. 1 via
Egs.(19.

We do not need to consider spectra containfiygor Bp as
these pseudoscalar quantities do not correlate with scalars.
Figure 2 shows noise power spectra for polarization and
cross correlation. The most visible feature is the white noise
behavior on large scales, which confirms that derivatives of
temperature and Stokes parameters are almost uncorrelated
on scales above a fraction of a degree.

Let us consider now the power spectra in the limit of low
I. Utilizing the Bessel function properties in this limit and
their orthonormality relations we obtain from EO0) the
following limits:

f 15d1(CPP)2
lim NP =47 =
|1—0 (f|3d|CFE)

1

lim NFPEP=1lim NP%P=lim N°P%P,
|—0 |—0 2|~>0
lim N;»*=0, (21)
|—>O
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s le’dl(clﬁ)2 Var(éfASB)=2| —[(4ci™+ NFAT®) 24 (4C[ "+ NAR)
lim N ™P=47 ,
-0 f |3d|c|TTf 13dIcyP X(4C{ +N;B%®) ], (27)

SASg AEAE P Sapr 2
lim NgTEP lim NBTBP I|m N‘ST‘SP COV(C - C ’ B)_ [(4C N
1—-0 |—=0 2IHO Sh Suk
+(AC[™+ NPAR) (4C[“+ N, B°8)],

lim N™P=0, (22 (29
|—0

V(éSASB ,éSAgB) _

| S [(ACK“+ NJA%®) (4C[+ N A°%8)

The power spectra presented in Fig. 2 confirm this large 21+1
scale behavior. It is worth noting that the noise &wari-

KK SAS, KK Sgé
ables is two times higher than férand 5, although normal- +(ACTH N (ACTHNEE) ],
ized variances 08, Qp, andl/p are all the same. This is (29)

because of the spin nature @ andif, . The implication of
this is that the reconstructed convergence power spectrum
will have the noise amplitude two times lower when we useC
Ep instead ofSp .

When we have quantified the intrinsic CMB noise we can +(4C[ "+ N;SAEA)(4C,“"+ NfBEB)],

use Eq.(17) to obtain the best estimate ffi]f"‘ from obser- (30)
vations. In addition, we also need to determine the error on

the estimated power spectruéym’v'. To proceed analyti- S ASLE 1 e 5.8
cally we make an additional assumption that Fourier trans-CovC,*™®,C"®)= Srr1LACT “+NAB)(4C[ 7+ NATB)
forms of quantitiesSp, &p, St, and&; are Gaussian distrib-

uted. From simulations presented [@] this seems to be a +(4CF "+ NngA)(4C,K"+ NfBgB)],
good approximation on large scales, where a single long-

wavelength mode receives contribution from many almost (31)
independent structures in real space and the central limit

theorem makes them almost Gaussian. In general, fom Cou E5ASe ESnSe —

Er, Sp, and & we can construct ten estimators G, .
three for the temperature field, three for polarization, and ens SuS
four for cross correlation. Under these assumptions we ob- +(ACI +NAB)(ACT "+ NAB) ],
tain the elements of the covariance matrices of the polariza- (32
tion and cross-correlation estimators:

ov(CIA% Co) = (4C[ -+ NAB) (4CK + NAB)

2|+1[

EnS, KK Sg$
2|+1[(4(: <+ NFASR) (4C[ "+ NB%E)

Cov(C/A%8, CiA%8) = (4C[ -+ NAB) (4CK + NTBA)

. STl
Var(CA%) = = [ (4CK*+ N%8)24 (4CK*+ NA) 2l+1

2I+1 e e
+(4CF+ NPAR) (4C1 <+ N %) ],

X(4C{ +NB%E)], (23
(33

whereA andB stand forT or P again.

To assess the variance of the overall estim@gf that is
a combination of three estimators in the case of polarization

1
Var(CJA®) = 5 [ (AC{™+ N®) 2+ (4C[“+ N/A)

KK Eé
X(4C[ +N=#)], (24) and four in the case of cross correlatidfg. (17)] we treat
our variablesSy, Sp, &, and & as Gaussian. Using the
Fisher information matrix we can derive the desired vari-
var(C/ A7) = T 1[(NBABB)2+ NA%ANTE8] (25)  anceq11]:
1 , d CouW, W)
1 ]—‘”:ETr Cov (W,W’)T
Var(CA®) = 5 [(AC[ ™+ NA™®) 24 (4C[+ NPA™) '
4 . dCoMW, V")

]
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The inverse of the Fisher matrix gives the covariance matrix. 1 [CoPoPCiPir_ (CPER)2)2
The Fisher matrix is one dimensional and relevant deriva\/ar(é;‘ ! ! !
tives are taken with respect ©“. We find the following

expression for variance of tré,’"‘ estimator when we take Similarly, using the cross-correlation variables only the vari-
into account only polarization information ance is

Jpp= 8(21+1) [ CTPP— 2C 7P P2’ (35

~ 1 [CISTSchTgT_ (ClsTgT)z][CISPSPCngP— (ClsP'SP)Z]
TPTg(21+1) [T+ G 2 T C PP 4+ GO — 2

Var(CK©) (36)

where we have dropped the cross-correlation te@hs"» . 1 .ss oo A e ee

which are much smaller than the diagonal terms in the large <4C|KK>:§(<C| TP =N/T P)+§(<C|T PY—N™P)
scale limit. For an experiment such as the MAP or Planck

satellite we will haveN®PP>NST91>> NS5 and the same 2 . se Sto. 2 ags s

for other combinations oy, &, Sp, &b, as can be seen UGN +5 (T =NTP).
from the noise spectra in Fig. 4. Only for a significantly more

sensitive detector will the three noise spectra become com- (40)

parable, in which case, as argued above, polarization NOISQ the limit1 —0 variances of these overall estimators can be
power spectrum will become smaller than that of the tem-

X . X written as
perature. For this reason we provide separately the informa-
tion from polarization and from temperature polarization R
cross correlation. In addition, the cosmic variance term pro- Var(4C(
portional to 4C;“ is also much smaller than the CMB intrin-

sic noise contribution and can be dropped. The main source

of errors is then the intrinsic CMB noise. In the large scale Var(4Cf
limit N°P%P is more than an order of magnitude less than

NSeSe NP€P or NBrBe that implies we can neglect that term

in the covariances. These approximations lead to a diagongh,ase ex
form of covariance matrices that can be written as

K _ 2 SpSp
)PP—mU\H )2, (41)

1 STSTNISPS

K — NCTOTNCPCOP

e 9(2|+1)N' N
(42)

pressions show thaNfTST< NfPSP then it will be

the cross correlation that will add most of the polarization
information toC{". This information increase will be small
compared to the information obtained from the temperature
alone, but may still provide important independent confirma-
tion. If NfTST~ Nf"SP polarization provides as much infor-

37 mation toC[“ as temperature. In further considerations we
will use the complete expressions for respective variances
1 1 without the above approximations.
CSTSTC PSR + cETETERte Another consequence of the intrinsic CMB fluctuations is
L=l ! ! ' that we cannot recover the convergence from the individual
structures, because the coherence length of CMB is too large.
) (39 We will show that it is still possible to measure the conver-
gence in a statistical sense, by averaging over many Fourier
modes to extract the power spectrum. We will determine the
signal-to-noise ratio for various detector sensitivities in the
|'1‘ollowing section.

1 1 2

Var(C{™)pp=8(21 + 1)_(C|$TST)2 +(C|ET5T)2 +C|$T5TC|5T€T

Var(C[“)rp=8(21+1)

1 1
+ +
S1Sr~Eplp | ~Erét ~SpSp
GG C/mC

The minimum variance combination of these estimators i
the large scale limit is for polarization

Ill. CONVERGENCE FROM OBSERVATIONS

A 1 ases SpSey L & ept £p€, : : ; ;
<4C|'“‘)=§(<CI PPPY—=N/P F’)+§(<C| PPPY—N/PP) Before computing the expected signal-to-noise ratio for
future missions we need to include the effect of detector

4 e S noise and angular resolution on extracting thg convergence
+ §(<C| PPy —N;PTP) (39 power spectrum. Both of these have been discussd@]in
and the expressions derived there can be applied to polariza-
tion as well.
and for cross correlation To quantify the influence of the detector beam on mea-
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sured Stokes parameters one introduces a filter functior I B IR ]
F(6), which describes the detector beam filtering of the data. 1r =TT 7
The Stokes parameters are convolved with this function C ]
0.8 _
) Zo6 .
Xa(0)=J F(0—0' )X, (60)d°@, (43 < i ]
O ()= (0,024 gy =0.212 “l"-\\ _:
whereX stands for Stokes parametésor U. Using Eq.(2) . (B)met=(0.002 0 012 LY 1
and Fourier decomposition E43) becomes 0.2 |- — — w3=(0.0014K).0pyn =012 'x_‘\\ .
L N A
. O_ 1 el i | L vl Il\§J\I_
X, (0)= f d2IF ()X, (e o+ 1 10 100 1000
T 2n)? : (2m)* 1

10° g ———r
x [ a1 [ aar(ial ) @a@et 9o 0 g :
10t |
(44) 100 c_\\\ 1
In the presence of filteF () it follows from Egs.(3) and & !°"F S E
(44) 10-2 — 1_
102 | ~_ i
1 _— N E —— (A):w;!=(0.026K)?,0pgy=0.°12 \_\ LE
(Sp(O)cmp= 2 f d2IF2(h)I2CPP T T B0 00 om0 12 ~—_ e
m 1o |pTT 00t e
1 10_55....|d1. il Ll 1

A 10 100 1000
1 (2 )zf d?q2x(q)Wp(g)e'®?|. low
a
(45 FIG. 3. In the upper panel square of the window, the function

for a few detector configurations using the optirhal is shown. In

We introduced the window functiowp(q) to describe the the lower paneN;*? is shown as a function df,,, using the white

effect of the detector beam on the convergence. It has theoise approximation. Detectof) is for the current Planck satellite
form proposal. Increasing the detector sensitivity by another order of

magnitude, as could be achieved by a post-Planck generation of

) o B CMB satellites, would bring the noise level close to the ideal case.
d IF(I)F(|I+q|)I C

We(q) = ~~ : (46) while for cross correlation its form is
J d2IF2(1)I12CP

We see thatVp(q)—1 for g—0 independently of the ex- (EM) cms= AW () Wp(1) CF<+ N (49)
plicit form of the filter. Thus for large scales we reconstruct

the convergence power spectrum without beam degradation,

More generally, the relation between the observables anJOt€ that to assess the noise power spectrum we need to
underlying convergence is measure the CMB polarization, temperature, and cross cor-

relation spectrum first.
(Se(1)Yeme={(Ep(N)emp= 2k (1) Wp(1). (47) Detector noise _affects the results through the increase of
the CMB correlation length. The detector noise spectrum
The window for Planck satellite in the case of polarizationwg1 is taken as a white noise in the considered range and is
and temperature is shown in FigaB Just like in the case of related to the pixel noise and its solid angle size through
temperaturg 9] we remove small scale modes with ey wi'= 07, Qi and similarly for temperature. The Planck
where detector noise exceeds the primary si¢eee below.  satellite, for example, is expected to have the resolution of
At | ~300 the beam already reduces the sensitivity by 50%g 1= 0.12° and the noisew;lz(o.OZ)z (1K)2. Indi-
Ten times more sensitive detectors would significantly exvjqual structures on small scales are dominated by noise and
tend the range of sensitivity and would be able to measurgannot be observed, hence cannot be used to reconstruct con-
polarization spectrum up to approximately-2000. The yergence so it is best to remove them. We remove them by

window for such a detector is also shown in Figa)3 filtering the data on scale corresponding to the scale where
In the presence of the beam smoothing, @q) is rewrit-  nojse and signal power spectra are equal, which in Fourier
ten for polarization in the form space defines some value for,. In fact, for the white noise
o , approximation the spectra have the form presented in Eq.
2 KK
(€M) eme=4WR(HCI + N (48)  (21) which for polarization gives
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" 5dI(CE"~°+w‘1e'2°'§)2 1o S L
e 100 p —— nm a
N FP=2m (50 E oo E
107! = — — N® =
f|3dlcpp> = — = E
Cl\:l 10-2 E T 4Cp= ’,..-—rg
This can be used to determirng,, which minimizes the NE” 103 =
noise, at least on large scales where the approximation i 1g-4 :_ _;
valid. In Fig. 3b) are shown a few examples of the detector E 3
configurations as a function df,;. For nonzero detector 10-¢ e e E
noise the curves have minima lig,; above which noise in- 10-8 - ,/'/ / -
creases rapidly as expected. Smgl} filters out real CMB 10~ E 7 |/ T T I
structure and increase the correlation length, thus increasini 1 10 100 1000
the level of noise. Onck,,; becomes too large the filtering 1
scale is too small and small scale power is dominated by 10! g T —r —— T
noise. This does not have any information on the lensing o F )
signal and increases the overall noise level again. The opti 10 3
mal value forl .,; is found in between these two regimes and 10-! :—
agrees well with the value defined where the noise and signa & 102 C
power spectra in CMB are equal. \ E
Figure 4 gives the expected temperature, polarization ancgy” 107%
cross-correlation noise spectra for the Planck satellite as wel™ g-4 |-
as the expected convergence power spectrum. The noise
always several times larger than the expected signal so ex 107 3 .
traction of C[“ is possible only in the statistical sense, by 10-6 k- v
averaging over many mulipoles. In case of polarization the 10-? F / T R EETT] B S|
noise is about two orders of magnitude larger than the signal 1 10 100 1000
This means that for the Planck satellite one would need ta 1
average over  10* modes to obtaits/N~ 1. This is further 10! g T — T
reduced by the effect of the window. A more accurate esti- 100 a
mate of expected signal-to-noise ratio can be obtained by E
combining the information from all multipoles and from the 107!
optimal estimatof7]. This gives £ 1072 il
~ E
s WR(DWE()(Er?) ™ g 10°E
(N) = fsky kK ’ (51) B 104
AB ! Var(Ci™) 2
1075 -
wheref,, is the fraction of the sky covered, here taken to be 10-5 2 i
0.7. Results are shown in Fig. 5. For the Planck satellite the E J/
signal-to-noise ratio for polarization reaches on§/N)pp 10-7 E— ]

~1 when we take into account about 400 multipoles and
does not increase beyond that. So the detection of the con-

—

10 100 1000

1

vergence by Planck satellite from the polarization measure- FIG. 4. Noise power spectra for temperat{ueper pane| po-
ments is not really possible, unless the signal in convergendarization (middle panel, and cross-correlatiofiower panel mea-

is significantly higher than assumed here. The case of thsurements. All contain additional noise introduced by the Planck
cross correlation is more promising because of lower noise idetector.

temperature. Here we find it is possible to g8tN)p~5
from [<400. More promising numbers are found if we in-

distortions induced in the CMB polarization. Any such mea-

crease the detector sensitivity by a factor of several, whictgurement would be extremely difficult both from the tem-

could only be achieved from the next generation of CMB

perature and polarization because of the statistical nature of

satellites dedicated to polarization. Improving the sensitivitysuch a detection. On the other hand, it would provide a direct

by a factor of 10 makeS/N from polarization comparable to
the one from temperature, while the cross correlaN
exceeds both and would provide most of the information.

IV. CONCLUSIONS

detection of dark matter clustering on very large scales and
high redshifts, possibly not attainable by any other method.
For this reason it is important that any such detection from
temperature fluctuations, described[B], is independently
confirmed. Such a confirmation is possible with polarization,
with which one would be provided in total with 10 power

We have analyzed the prospects of measuring the praspectra of convergence, all of which have to agree with

jected dark matter power spectrum upze 1100 from the

each other.
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S RS AR AR RN S R tional invariance of the variables;, Sp, &, &p, it is

T-T (A).(B) - ]
o5 Lo PP (4) /,/ ] rated by # along thex direction. During derivation of the
T T ;:‘; ((‘;’) e = correlation functions we make use of the integral representa-
,

tion of Bessel functions and the CMB spectra defined .

== T-P(B) — , ,
. Weighted spectr&;(6) are defined as
< %= °dl ~~
g CP= | 5-CP3(10), (A1)

whereA andB stand forT or P. Some calculations yield the
———————— 8 following correlation functions:

............................................................... C2(6)=(Q,(0)Qx(0))cwms
0 200 400 600 800

b —(2m)2 J d2lel 0 <0sh12c02 ¢, CPPeog2 ¢
FIG. 5. The signal-to-noise ratio as a function of the maximum
multipole taken into account for temperature autocorrelafiT |, Idl 5 Bl
polarization autocorrelationR-P), and cross correlationT¢P). :J‘ZJ Ci Z[Jo(|9)_3/2-]2(|9)+~]4(|9)

The detector configurations are the same as in Fig. 3TForwe
-1

usew :OOOZM K and O'FWHMZO.].ZO. ~~ ~~ ~—

' [CEP(0)—3/2cEF(0)+CF7(0)

)

—1/234(10)]=

Because polarization is an order of magnitude smaller .
than temperature fluctuations its detection will be rather lim- —1/2CEP(0)], (A2)
ited with the planned CMB experiments including Planck.
The expected signal-to-noise ratio for convergence power 00 ~ ~
spectrum for the Planck satellite is around unity using polar-Cyy“()=(Qy(0)Q,(0))cus
ization information only, compared to 15-25 from tempera- L
ture. Cross correlation could be more promising and could :(27)*21 d2Ie“'ﬁ°°s¢llzsin2¢|C,PPco§2¢|
provide SIN~5 or a factor of 2 larger or smaller depending

on the actual amount of power in convergence. The real ldl  ~~1

promise of this method lies in the contemplated post-Planck = f EIZCFPZ[JO(I 0)+3/235(10) + J4(10)
experiments dedicated to polarization. Such an experiment

would need to cover a significant fraction of the sky to mea- +1/234(16)]

sure the projected power spectrum on large scales. If the
sensitivity of detectors is reduced by another order of mag-

nitude over the Planck satellite then measurement of the dark
matter power spectrum with polarization becomes very sig-

nificant and would extend the amount of information from Q0 ~ ~
temperature alone. It would also allow for many cross check<xy (0)=(Qu(0)Qy(6))cme
of the results to reduce the possible systematics.

1 == ~~ ~~ ~
= 7[Co"(0)+3/2C57 () + CF7(6) + 1/2CE™(0)],

=(2w)‘2f d?le' o coséi| 2gjn ¢|cos¢|CF'~°co§-2¢|
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Here we present correlation functions of derivatives of the

1 ~— _— _~— _~—
_ TFPP oy PP/ o\ _ ~PP PP
CMB temperature and polarization fields. Due to the rota- a 4[CO (0)=1/2C57(0) = C47 () + 12C7(6)],
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Cyy (0)=(Uy(0)Uy(0))cms
=(2w)*2f d2lel! 0 cos| 2sir? g, CF Psir?2 ¢y

—f'dlﬁcﬁ’ﬁl Jo(10)+1/23,(16)— 3 (1
= 5. Z[ o(l6)+ 2(16)—34(16)

—1/234(16)]

1 ~— ~— ~— ~—
= 7157 (6)+1/2C57(6) ~ C7(6) — U2CE7(6)],

C(0)=(U,(0)0y(0))cme

=(2m) *ZJ' d?le'! - cosdi|2gin ¢|cos¢,CF"~°sin22¢,

=0,

Cr(0)=(T,(0)Qu(6))cms

=(27r)‘2f dzle”"9°°S¢Ilzcos’-¢,CTEcos 2p,
f Idl 2 TP

= ICF0) -2 (o) + (o))

Cl(0)=(T,(0)Qy(8))cme

=(2w)—2f d2lel! 004 25ir ¢, CT P cos 26,

o, sl
__f 5 12CTP L [3(1 )+ 23,(16)+ 34(16)]

~— ZIcPioy+2cTF o)+l (o),
iy (0)=(Tx(0)Qy0))cms

= (277)‘2f d?le'! ?cos¢i|2gjn ¢|cos¢,C|ﬁ’cos 2p,

:O’

CH(O)=(Tx(0)0x(0)cus
=(27r)*2f d2lel! o031 202 ¢, CT Psin 2¢),

=0,
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Cyy (O)=(T(0)Uy(6))cms
=(2w)*2f d?lel!* 7051 2 b, CT Psin 24,

=0,

CTU( 0)= <Tx(0)Uy( 0))cme

= (277)*2f d?le' ¥ cosdi| 2gjn ¢|cos¢|C,ﬁ’sin 24,
Idl ==1
=fgIZCFPZ[Jo<Ie>—J4<Ie>]

1 ~— ~—
=zlC" (o -Ci"(o],

CUO)=(Q0)U(0))cms
:(2w)—2J d2lel! 705412002 ¢, CPPsin 2¢),

X COS 2,

=0,

C(0)=(Qy(0)Uy(0))cwms
=(2w)*2f d?lel! 0 ©031| 2gir2 g, CPPsin 2¢),

X COS 2,

=0,

CR(0)=(Q0)0y(0))cus
=(277)‘zf dzle“'9°°S¢llzsin¢|cos¢|cf~°'~°sin 2,
X COS 2,

Id|
=_f e 12cFPL =[3,(10)=35(10)]

I e
—5lCi (O -Cgh (o],

043517-11



JACEK GUZIK, UROVSSELJAK, AND MATIAS ZALDARRIAGA PHYSICAL REVIEW D 62 043517

[1] U. Seljak, Astrophys. #63 1 (1996. (1999.
[2] A. Blanchard and J. Schneider, Astron. Astrophy84, 1 [8] M. Zaldarriaga and U. Seljak, Phys. Rev.55, 1830(1997.
(1987; S. Cole and G. Efstathiou, Mon. Not. R. Astron. Soc. [9] M. Zaldarriaga and U. Seljak, Phys. Rev. B9, 123507

239, 195 (1989; L. Caym, E. Martnez-Gonzkez, and J. L. (1999.

Sanz, Astrophys. J03 471(1993; 489, 21 (1997). [10] J. P. Ostriker and P. J. Steinhardt, Nat(rendon 377, 600
[3] R. B. Metcalf and J. Silk, Astrophys. 492, 1 (1998. (1995.
[4] K. Benabed and F. Bernardeau, astro-ph/9906161. [11] M. Tegmark, A.N. Taylor, and A.F. Heavens, Astrophys. J.
[5] M. Zaldarriaga and U. Seljak, Phys. Rev. B8, 023003 480, 22 (1997.

(1998. o [12] U. Seljak, Astrophys. %82, 6 (1997).
[6] S. ChandrasekharRadiative Transfer(Clarendon, Oxford,

[13] M. Zaldarriaga and U. Seljak, Phys. Rev. B8, 023003

1950. (1998,

[7] U. Seljak and M. Zaldarriaga, Phys. Rev. Le®2, 2636

043517-12



